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Preliminaries



Notation

X ∼ F, Y ∼ G

X1:n ≤ X2:n ≤ · · · ≤ Xn:n

Every distribution is absolutely continuous and strictly increasing in the sense
that it is strictly increasing on its support

S(F ) = {x|0 < F (x) < 1}.

F −1: Quantile of F

φ(·|μ, σ2), Φ(·|μ, σ2): PDF and CDF of N (μ, σ2)



Skewness and kurtosis revisited

μk = EXk: k-th moment

The first four cumulants are

κ1 = μ1,

κ2 = μ2 − μ2
1,

κ3 = μ3 − 3μ2μ1 + 2μ3
1,

κ4 = μ4 − 4μ3μ1 − 3μ2
2 + 12μ2μ2

1 − 6μ4
1.

The (conventional) skewness γ1 and (conventional excess) kurtosis γ2 are

γ1 = E (X − EX)3{
E (X − EX)2}3/2 = κ3

κ
3/2
2

, γ2 = E (X − EX)4{
E (X − EX)2}2 − 3 = κ4

κ2
2

.

The 3rd and higher order cumulants are zero for the Gaussian distributions by
the Marcinkiewicz theorem.

⇒ The conventional skewness and kurtosis are zero for the Gaussian distributions.
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Figure 1: Two distributions with different location, scale, skewness and kurtosis



Motivation

To define conventional skewness and kurtosis, we need to have

E
(
|X|3

)
< ∞, E

(
|X|4

)
< ∞

respectively.

The Sample (conventional) skewness and Sample (conventional) kurtosis

γ̂1 =
∑n

i=1

(
Xi − X̄

)3(∑n

i=1

(
Xi − X̄

)2
)3/2 , γ̂2 =

∑n

i=1

(
Xi − X̄

)4(∑n

i=1

(
Xi − X̄

)2
)2

can be highly driven by some observations Xi having large values.

Robust measures of skewness and kurtosis of a distribution is needed.



L-statistics and the L-moments



L-statistics

An L-statistic is

θ̃ = 1
n

n∑
i=1

cniXi:n

where cni is a constant depending on both i and n.

The sample median is an L-statistic;

m = X�2/n�:n.

The sample trimmed mean is an L-statistic;

mα = 1
n(1 − 2α)

(
X�αn+1�:n + X�αn+2�:n + · · · + X(n−�αn�):n

)
.



Often, we introduce a continuous function h : (0, 1) → R yielding

θ̃ = 1
n

n∑
i=1

h
(

i

n + 1

)
Xi:n

We have
1
n

n∑
i=1

h
(

i

n + 1

)
Xi:n

a.s.→
∫ 1

0
F −1(u)h(u) du

when F and h satisfy some of the conditions, e.g. (Serfling, 1980).



L-moments

The r-th L-moment (Hosking, 1990) is

λr = 1
r

r−1∑
k=0

(−1)k

(
r − 1

k

)
EXr−k:r.

The first four L-moments are

λ1 = EX1:1,

λ2 = 1
2E (X2:2 − X1:2) ,

λ3 = 1
3E (X3:3 − 2X2:3 + X1:3) ,

λ4 = 1
4E (X4:4 − 3X3:4 + 3X2:4 − X1:4) .

For a random variable X ∼ F such that E|X| < ∞,

−∞ < λr(F ) < ∞ for all r = 1, 2, · · · .



λ1 = EX1:1

Figure 2: A pictorial description of the first order L-moment (Kimes, 2013)



λ2 = 1
2 E (X2:2 − X1:2)

Figure 3: A pictorial description of the second order L-moment (Kimes, 2013)



λ3 = 1
3E (X3:3 − 2X2:3 + X1:3)

Figure 4: A pictorial description of the third order L-moment (Kimes, 2013)



λ4 = 1
4E (X4:4 − 3X3:4 + 3X2:4 − X1:4)

Figure 5: A pictorial description of the fourth order L moment (Kimes 2013)



The r-th L-moment λr is alternatively expressed as

λr(F ) =
∫ ∞

−∞
xf(x)P ∗

r−1(F (x))dx =
∫ 1

0
F −1(u)P ∗

r−1(u)du

where P ∗
r is the r-th order shifted Legendre polynomial.
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Figure 6: The shifted Legendre polynomials



The shifted Legendre polynomials P ∗
r are orthogonal to each other with

respect to the weight function w : (0, 1) → R such that

w(x) = 1

for all 0 < x < 1. That is, ∫ 1

0
P ∗

r1(x)P ∗
r2(x)dx = 0.

for all r1 �= r2.

The paper (Hosking, 1990) showed that

λ̃r = 1
n

n∑
i=1

P ∗
r−1

(
i

n + 1

)
Xi:n

a.s.→
∫ 1

0
F −1(u)P ∗

r−1(u) du = λr.

λ̃r is less affected by outliers than γ̂1 or γ̂2.



Gaussian Centered L-moments



Gaussian Centered L-moments: Motivation

The cumulants are not robust..

It can be seen that

λr(Uniform(a, b)) =
∫ 1

0
{(b − a)x + a} P ∗

r−1(x) dx = 0

for all −∞ < a < b < ∞ and r = 3, 4, · · · by the orthogonality of P ∗
r .

⇒ The L-moments are centered at the uniform distributions.

The signs and absolute values of λr(F ) do not tell us the relationship between
F and Φ;

λ4(F ) ≥ 0 ?⇒ F is more kurtotic than Φ.

Data usually follow the Gaussian distributions after suitable transformations.



A variation of the L-moments centered at the Gaussian distributions that

only needs a random variable X to satisfy E|X| < ∞,

has an strongly consistent L-statistic,

is centered at the Gaussian distributions.



Gaussian Centered L-moments: Definition

Definition
Functionals {θr : F → R|r = 1, 2, · · · } are called Gaussian Centered L-moments
(GCL-moments) of F if they are

1. L-functionals: ∃hr : (0, 1) → R such that

θr(F ) =
∫ 1

0
F −1(u)hr(u) du.

2. Centered at the Gaussian distributions:

θr(Φ(·|μ, σ2)) = 0 for all μ ∈ R, σ2 > 0, r = 3, 4, · · · .

The L-moments are L-functionals since

λr(F ) =
∫ 1

0
F −1(u)P ∗

r−1(u)du.

Under some conditions on F and hr,

θ̃r =
n∑

i=1

hr

(
i

n + 1

)
Xi:n

a.s.→
∫ 1

0
F −1(u)hr(u) du = θr.



Two versions:

Hermite L-moments (HL-moments)

Gaussian Rescaled L-moments (GRL-moments)



Hermite L-moments

The L-moments
λr(F ) =

∫ ∞

−∞
xf(x)P ∗

r−1(F (x))dx

are centered at the unform distributions since

λr(Uniform(a, b)) =
∫ 1

0
{(b − a)x + a} P ∗

r−1(x) dx = 0

for all −∞ < a < b < ∞ and r = 3, 4, · · · .

The Hermite polynomials Hr are orthogonal to each other with respect to the
weight function w : R → R such that

w(x) = ex2/2

for all x ∈ R. That is, ∫ ∞

−∞
ex2/2Hr1(x)Hr2(x)dx = 0.

for all r1 �= r2.



The following L-functionals

ηr(F ) =
∫ ∞

−∞
xf(x)Hr−1

(
Φ−1(F (x))

)
dx

are centered at the Gaussian distributions since

ηr(Φ(·|μ, σ2)) =
∫ ∞

−∞
(μ + σx)φ(x)Hr−1(x) dx = 0

for all r = 3, 4, · · · , μ ∈ R and σ > 0 where Hr is the r-th order Hermite
polynomial.

The r-th Hermite L-moment (HL-moment):

ηr =
∫ ∞

−∞
xf(x)Hr−1

(
Φ−1(F (x))

)
dx

The r-th sample Hermite L-moment (sample HL-moment):

η̃r = 1
n

n∑
i=1

Hr−1

(
Φ−1

(
i

n + 1

))
Xi:n

The HL-moments are GCL-moments.

The first four HL-moments satisfy Oja’s criterion.



Hermite L-moments

Recall that the skewness and kurtosis are defined as

γ̂1 =
∑n

i=1

(
Xi − X̄

)3(∑n

i=1

(
Xi − X̄

)2
)3/2 , γ̂2 =

∑n

i=1

(
Xi − X̄

)4(∑n

i=1

(
Xi − X̄

)2
)2

The Hermite L-skewness (HL-skewness) and Hermite L-kurtosis (HL-kurtosis)
are defined as

η∗
3 = η3

η2
, η∗

4 = η4

η2
.

The sample Hermite L-skewness (sample HL-skewness) and sample Hermite
L-kurtosis (sample HL-kurtosis) are defined as

η̃∗
3 = η̃3

η̃2
, η̃∗

4 = η̃4

η̃2
.



Asymptotic distribution of sample HL-moments

Recall that

θ̃r = 1
n

n∑
i=1

hr

(
i

n + 1

)
Xi:n

a.s.→
∫ 1

0
F −1(u)hr(u) du = θr

under some conditions on F and hr.

We showed that

√
n

⎛
⎜⎝

⎛
⎜⎝ η̃n,2

η̃n,3

η̃n,4

⎞
⎟⎠ −

⎛
⎜⎝ η2

η3

η4

⎞
⎟⎠

⎞
⎟⎠ d→ N

⎛
⎜⎝

⎛
⎜⎝ 0

0
0

⎞
⎟⎠ ,

⎛
⎜⎝ σ22 σ23 σ34

σ32 σ33 σ34

σ42 σ43 σ44

⎞
⎟⎠

⎞
⎟⎠

as n → ∞ where

σr1r2 =
∫ ∞

−∞

∫ ∞

−∞
{F (x ∧ y) − F (x)F (y)}

Hr1−1
(
Φ−1(F (x))

)
Hr2−1

(
Φ−1(F (x))

)
dx dy

where x ∧ y = min{x, y}.



We showed that

√
n

((
η̃∗

n,3

η̃∗
n,4

)
−

(
η∗

3

η∗
4

))
d→ N

((
0
0

)
, Ψ

)

as n → ∞ where

D = 1
η2

2

(
(η∗

3)2 σ22 − 2η∗
3σ23 + σ33 η∗

3η∗
4σ22 − η∗

4σ23 − η∗
3σ24 + σ34

η∗
3η∗

4σ22 − η∗
4σ23 − η∗

3σ24 + σ34 (η∗
4)2 σ22 − 2η∗

4σ24 + σ44

)
.

We showed that the sample HL-skewness and kurtosis are asymptoticallly
independent for the Gaussian distributions, i.e.

lim
n→∞

CovΦ
(
n1/2η̃∗

n,r1 , n1/2η̃∗
n,r2

)
= 0

for all r1 �= r2.



Gaussian Rescaled L-moments

For the Gaussian distributions,

λ3 = 0,

λ4 = 1
4E (X4:4 − 3X3:4 + 3X2:4 − X1:4)

= 1
4 {E (X4:4 − X1:4) − 3E (X3:4 − X2:4)}

�= 0.

−2 −1 0 1 2
x

−2 −1 0 1 2
x

Figure 7: Four expected order statistics of Uniform(−1, 1) and N (0, 1)



Recall that

λ1 = EX1:1,

λ2 = 1
2 E (X2:2 − X1:2) ,

λ3 = 1
3 {E (X3:3 − X2:3) − E (X2:3 − X1:3)} ,

λ4 = 1
4 {E (X4:4 − X3:4) − E (X3:4 − X2:4)}

−1
4 {E (X3:4 − X2:4) − E (X2:4 − X1:4)} .



The first four Gaussian Rescaled L-moments (GRL-moments) are

ρ1 = EX1:1,

ρ2 = 1
2

{
1

δ1,2:2(Z) E (X2:2 − X1:2)
}

≈ 0.8862λ2 ,

ρ3 = 1
3

{
1

δ2,3:3(Φ)E (X3:3 − X2:3) − 1
δ1,2:3(Φ)E (X2:3 − X1:3)

}
≈ 1.1816λ3 ,

ρ4 = 1
4

{
1

δ3,4:4(Φ)E (X4:4 − X3:4) − 1
δ2,3:4(Φ)E (X3:4 − X2:4)

}

−1
4

{
1

δ2,3:4(Φ)E (X3:4 − X2:4) − 1
δ1,2:4(Φ)E (X2:4 − X1:4)

}

where δi,j:k(Φ) = E (Zj:k − Zi:k) for 1 ≤ i ≤ j ≤ k and Z ∼ Φ.



The r-th GRL-moment has the integral representation as follows,

ρr =
∫ 1

0
F −1(u)Rr−1(u) du

where

R0(u) = P ∗
0 (u)

R1(u) ≈ 0.8862P ∗
1 (u)

R2(u) ≈ 1.1816P ∗
2 (u)

R3(u) ≈ (6c + 2)u3 − 3(3c + 1)u2 + (3c + 3)u − 1

and c = 3.4658.

The polynomials Rr are not orthogonal to each other with respect to the
weight function w(x) = 1.



The r-th sample GRL-moments are

ρ̃r = 1
n

n∑
i=1

Rr−1

(
i

n + 1

)
Xi:n

The GRL-moments are GCL-moments.

The first four GRL-moments satisfy Oja’s criterion, i.e. those are measures of
location, scale, skewness and kurtosis of a distribution.



The Gaussian Rescaled L-skewness (GRL-skewness) and Gaussian Rescaled
L-kurtosis (GRL-kurtosis) are defined as

ρ∗
3 = ρ3

ρ2
, ρ∗

4 = ρ4

ρ2
.

The sample Gaussian Rescaled L-skewness (sample GRL-skewness) and sample
Gaussian Rescaled L-kurtosis (sample GRL-kurtosis) are defined as

ρ̃∗
3 = ρ̃3

ρ̃2
, ρ̃∗

4 = ρ̃4

ρ̃2
.



Robustness of GCL-moments



Comparison of robustness of GCL-moments

Recall that L-functionals are in the form

θ(F ) =
∫ 1

0
F −1(u)h(u) du

for some function h : (0, 1) → R.

Note that

ηr =
∫ 1

0
F −1(u)Hr−1

(
Φ−1(u)

)
du,

ρr =
∫ 1

0
F −1(u)Rr−1(u) du.



Comparison of polynomials in GCL-moments
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Comparison of polynomials in GCL-moments
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Influence function

M: Class of probability measures

A functional T is Gâteaux differentiable at F ∈ M if there is a linear
functional LF such that for all G ∈ M

lim
t→0

T (Ft) − T (F )
t

= LF (G − F )

where
Ft = (1 − t)F + tG

The influence function of a Gâteaux differentiable functional T evaluated at
F ∈ M is

IC(x; F, T ) = lim
t→0

T (Ft) − T (F )
t

where Ft = (1 − t)F + tδx and x ∈ R.



Influence function of conventional moments

It was shown in (Groeneveld, 1991) that

IC (x; F, γ1) = x3 − 3x

= H3(x)

for all F which is symmetric and cube integrable.

It was shown in (Ruppert, 1987) that

IC (x; F, γ2) = x4 − 6x + 3

= H4(x)

for all F which is symmetric and fourth power integrable.



Influence functions of GCL-moments

We showed that

IC (x; Φ, η∗
r ) = 1

r
Hr(x),

IC (x; Φ, ρ∗
r) =

∫ 0

−∞
Φ(y)Rr−1(Φ(y)) dy

−
∫ ∞

0
{1 − Φ(y)}Rr−1(Φ(y)) dy

+
∫ x

0
Rr−1(Φ(y)) dy

for r = 3, 4, · · · .

Note that

|IC (x; Φ, η∗
r )| = O (|x|r) ,

|IC (x; Φ, ρ∗
r)| = O (|x|)

for all r = 1, 2, · · · .



Comparison of polynomials in GCL-moments
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Figure 8: Influence curves of various moments at the standard Gaussian distribution



Analysis of TCGA lobular freeze data



TCGA Lobular Freeze data

Gene expressions of breast cancer patients

16,615 genes, 817 cases
5 subtypes

� LumA +
� LumB ×
� Her2 *
� Basal �
� Normal-like �

Looking for genes in which the distributions of different subtypes are best
separated from each other.



Sample skewness: Bottom 15 (LumA+, LumB×, Her2*, Basal�, Normal�)
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Sample HL-skewness: Bottom 15 (LumA+, LumB×, Her2*, Basal�, Normal�)
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0.2
HL-3 = -0.5624

C9orf129|445577
-4 0

0

0.5 HL-3 = -0.5559



Sample GRL-skewness: Bottom 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
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FOXA1|3169
-10 -5 0

0

0.5 GRL-3 = -0.67268

mRNA data

GSTT1|2952
-10 -5 0

0

0.5 GRL-3 = -0.59821

SPDEF|25803
-10 -5 0

0

0.2

0.4 GRL-3 = -0.56618

AGR3|155465
-10 -5 0

0

0.2
GRL-3 = -0.52936

SLC44A4|80736
-10 -5 0

0

0.2
GRL-3 = -0.52737

MLPH|79083
-10 -5 0

0

0.2

0.4
GRL-3 = -0.50865

GATA3|2625
-10 -5 0

0

0.2

0.4 GRL-3 = -0.47831

SDR42E1|93517
-10 -5 0

0

0.2

0.4
GRL-3 = -0.45111

ANKRD30A|91074
-10 -5 0

0

0.2
GRL-3 = -0.44497

DNALI1|7802
-8 -4 0

0

0.2

0.4
GRL-3 = -0.44089

CAPN13|92291
-10 -5 0

0

0.2
GRL-3 = -0.43218

MYH14|79784
-10 -5 0

0

0.2

0.4 GRL-3 = -0.42797

AGR2|10551
-10 0

0

0.1

0.2 GRL-3 = -0.42402

C9orf152|401546
-10 -5 0

0

0.2
GRL-3 = -0.42046

PRR15|222171
-5 0 5

0

0.2
GRL-3 = -0.41913



Sample skewness: Top 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
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Summary statistics

UQCRFS1|7386
0 2 4

0

0.5

1
skewness = 2.2361

mRNA data

PCSK1|5122
0 10

0

0.1

0.2 skewness = 2.2412

LANCL2|55915
0 4

0

0.5
skewness = 2.2495

CHRNA9|55584
0 5 10

0

0.5

1
skewness = 2.3108

GDF9|2661
0 5 10

0

0.2
skewness = 2.3367

LOC643719|643719
0 5 10

0

0.2
skewness = 2.3582

SCG3|29106
0 5 10

0

0.5

skewness = 2.3916

MAEL|84944
0 5 10

0

0.5

skewness = 2.408

C19orf2|8725
0 2 4

0

0.5

1 skewness = 2.4107

KRT10|3858
0 4 8

0

0.5 skewness = 2.4535

CHGB|1114
0 5 10 15

0

0.2
skewness = 2.4981

AIMP1|9255
0 2 4

0

0.5

1 skewness = 2.5036

PRR4|11272
0 5 10

0

0.5 skewness = 2.6869

NSMCE4A|54780
0 4

0

0.5
skewness = 2.718

POP4|10775
0 2 4

0

0.5

1 skewness = 3.077



Sample HL-skewness: Top 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
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PRR4|11272
0 5 10

0

0.5 HL-3 = 0.52119

mRNA data

INA|9118
0 5 10

0

0.5 HL-3 = 0.52166

LOC84740|84740
0 5 10

0

0.2
HL-3 = 0.52911

GDF9|2661
0 5 10

0

0.2
HL-3 = 0.53593

PCSK1|5122
0 10

0

0.1

0.2 HL-3 = 0.5394

ITIH2|3698
0 5 10

0

0.5
HL-3 = 0.54094

STARD3|10948
-2 0 2 4

0

0.5 HL-3 = 0.54829

UNC80|285175
0 5 10

0

0.5 HL-3 = 0.5554

TDRD12|91646
0 5 10

0

0.5
HL-3 = 0.56141

ART3|419
0 5 10

0

0.5
HL-3 = 0.5627

SCG3|29106
0 5 10

0

0.5

HL-3 = 0.58884

PSMD3|5709
0 2 4

0

0.5
HL-3 = 0.60248

CLDN6|9074
0 5 10

0

0.5

1
HL-3 = 0.62476

CHRNA9|55584
0 5 10

0

0.5

1
HL-3 = 0.62994

CHGB|1114
0 5 10 15

0

0.2
HL-3 = 0.63658



Sample GRL-skewness: Top 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
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SPAG6|9576
0 5 10

0

0.1

0.2 GRL-3 = 0.37122

mRNA data

C17orf37|84299
0 4

0

0.5
GRL-3 = 0.37695

SCG3|29106
0 5 10

0

0.5

GRL-3 = 0.38009

GDPD2|54857
0 5 10

0

0.5
GRL-3 = 0.38691

UNC80|285175
0 5 10

0

0.5 GRL-3 = 0.38693

INA|9118
0 5 10

0

0.5 GRL-3 = 0.39014

ITIH2|3698
0 5 10

0

0.5
GRL-3 = 0.39042

TDRD12|91646
0 5 10

0

0.5
GRL-3 = 0.40352

CHGB|1114
0 5 10 15

0

0.2
GRL-3 = 0.42662

CHRNA9|55584
0 5 10

0

0.5

1
GRL-3 = 0.4293

CLDN6|9074
0 5 10

0

0.5

1
GRL-3 = 0.43066

LOC84740|84740
0 5 10

0

0.2
GRL-3 = 0.43534

STARD3|10948
-2 0 2 4

0

0.5 GRL-3 = 0.43969

PSMD3|5709
0 2 4

0

0.5
GRL-3 = 0.44753

ART3|419
0 5 10

0

0.5
GRL-3 = 0.45745



Sample kurtosis: Bottom 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
0 10000

ku
rt

os
is

 v
al

ue

0

20

40

Summary statistics

RPL9|6133
-4 0 4

0

0.2
kurtosis = 1.5607

mRNA data

GSTM1|2944
-5 0 5 10

0

0.05

0.1
kurtosis = 1.5622

PRAME|23532
-5 0 5 10

0

0.05

0.1 kurtosis = 1.7964

SLC7A4|6545
-5 0 5

0

0.1

0.2 kurtosis = 1.8484

BMPR1B|658
-5 0 5

0

0.05

0.1 kurtosis = 1.9112

RPS27|6232
-4 0 4

0

0.2

kurtosis = 1.93

C10orf82|143379
-5 0 5

0

0.2
kurtosis = 1.9353

PDZK1|5174
-5 0 5

0

0.05

0.1 kurtosis = 1.9608

CECR2|27443
-5 0 5

0

0.05

0.1 kurtosis = 1.9859

RPS28|6234
-10 -5 0

0

0.2
kurtosis = 1.9918

PGR|5241
-10 -5 0 5

0

0.05

0.1 kurtosis = 1.9961

GRPR|2925
-5 0 5

0

0.05

0.1 kurtosis = 1.9963

ELOVL2|54898
-5 0 5

0

0.05

0.1 kurtosis = 2.0113

MKRN3|7681
-5 0 5

0

0.5
kurtosis = 2.0162

SIM2|6493
-4 0 4

0

0.1

0.2 kurtosis = 2.0237



Sample HL-kurtosis: Bottom 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
0 10000
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GSTM1|2944
-5 0 5 10

0

0.05

0.1
HL-4 = -0.6291

mRNA data

RPL9|6133
-4 0 4

0

0.2
HL-4 = -0.57189

PRAME|23532
-5 0 5 10

0

0.05

0.1 HL-4 = -0.56016

SLC7A4|6545
-5 0 5

0

0.1

0.2 HL-4 = -0.53059

C10orf82|143379
-5 0 5

0

0.2
HL-4 = -0.51659

RPS28|6234
-10 -5 0

0

0.2
HL-4 = -0.49839

BMPR1B|658
-5 0 5

0

0.05

0.1 HL-4 = -0.47967

TFAP2B|7021
-10 -5 0 5

0

0.1

0.2
HL-4 = -0.47304

PPP2R2C|5522
-10 -5 0 5

0

0.1
HL-4 = -0.46874

CECR2|27443
-5 0 5

0

0.05

0.1 HL-4 = -0.4597

MKRN3|7681
-5 0 5

0

0.5
HL-4 = -0.45943

ALOX12P2|245
-4 0 4

0

0.2
HL-4 = -0.45708

NEK10|152110
-5 0 5

0

0.05

0.1 HL-4 = -0.45535

PDZK1|5174
-5 0 5

0

0.05

0.1 HL-4 = -0.45259

CYP2B7P1|1556
-10 -5 0 5

0

0.05

0.1
HL-4 = -0.45107



Sample GRL-kurtosis: Bottom 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
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RPL9|6133
-4 0 4

0

0.2
GRL-4 = -0.23486

mRNA data

GSTM1|2944
-5 0 5 10

0

0.05

0.1
GRL-4 = -0.23238

RPS27|6232
-4 0 4

0

0.2

GRL-4 = -0.17238

PRAME|23532
-5 0 5 10

0

0.05

0.1 GRL-4 = -0.16931

NLRP2|55655
-10 -5 0 5

0

0.1

0.2 GRL-4 = -0.1537

PGR|5241
-10 -5 0 5

0

0.05

0.1 GRL-4 = -0.15203

SLC7A4|6545
-5 0 5

0

0.1

0.2 GRL-4 = -0.15086

BMPR1B|658
-5 0 5

0

0.05

0.1 GRL-4 = -0.15083

TFAP2B|7021
-10 -5 0 5

0

0.1

0.2
GRL-4 = -0.14929

RPS28|6234
-10 -5 0

0

0.2
GRL-4 = -0.14516

PDZK1|5174
-5 0 5

0

0.05

0.1 GRL-4 = -0.14425

SIM2|6493
-4 0 4

0

0.1

0.2 GRL-4 = -0.14277

NAT1|9
-5 0 5

0

0.05

0.1
GRL-4 = -0.13884

C10orf82|143379
-5 0 5

0

0.2
GRL-4 = -0.13809

CECR2|27443
-5 0 5

0

0.05

0.1 GRL-4 = -0.13223



Sample kurtosis: Top 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
0 10000
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Summary statistics

RIC8A|60626
-4 -2 0

0

0.5

1 kurtosis = 23.3033

mRNA data

TMED7-TICAM2|100302736
-10 -5 0

0

0.2

0.4 kurtosis = 23.6448

ZNHIT2|741
-10 -5 0

0

0.2

0.4 kurtosis = 23.9568

EVPL|2125
-10 -5 0

0

0.5
kurtosis = 24.2963

TAF13|6884
-8 -4 0

0

0.5
kurtosis = 24.6603

THADA|63892
-4 -2 0 2

0

0.5

1 kurtosis = 24.8624

ZNF700|90592
-4 0

0

0.5
kurtosis = 25.0825

NSMCE4A|54780
0 4

0

0.5
kurtosis = 25.5391

DEPDC5|9681
-6 -4 -2 0

0

0.5
kurtosis = 26.3336

AP1M2|10053
-8 -4 0

0

0.5 kurtosis = 27.1743

AIMP1|9255
0 2 4

0

0.5

1 kurtosis = 27.4375

GRHL2|79977
-8 -4 0

0

0.5 kurtosis = 29.9878

BET1L|51272
-4 0

0

0.5

1
kurtosis = 34.6872

C1orf172|126695
-8 -4 0

0

0.5
kurtosis = 43.6471

CSTF2T|23283
-4 0

0

0.5

1 kurtosis = 45.4846



Sample HL-kurtosis: Top 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
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DSP|1832
-10 -5 0

0

0.2

0.4 HL-4 = 0.48027

mRNA data

CWC25|54883
-2 0 2 4

0

0.5

1
HL-4 = 0.48082

ARHGEF9|23229
-2 0 2

0

0.5
HL-4 = 0.48509

IFT57|55081
-4 -2 0 2

0

0.5

1
HL-4 = 0.49071

TFCP2|7024
-4 -2 0

0

0.5

1 HL-4 = 0.49672

POP4|10775
0 2 4

0

0.5

1 HL-4 = 0.49823

PRR4|11272
0 5 10

0

0.5 HL-4 = 0.51877

MTAP|4507
-4 -2 0 2

0

0.5
HL-4 = 0.52588

SLC3A1|6519
0 5 10

0

0.5
HL-4 = 0.5366

AP1M2|10053
-8 -4 0

0

0.5 HL-4 = 0.5411

ZNF630|57232
-4 0

0

0.5
HL-4 = 0.56723

CSTF2T|23283
-4 0

0

0.5

1 HL-4 = 0.58863

ATAD1|84896
-4 -2 0 2

0

0.5

1
HL-4 = 0.59063

CBLC|23624
-10 -5 0

0

0.5
HL-4 = 0.63217

ZNHIT2|741
-10 -5 0

0

0.2

0.4 HL-4 = 0.71002



Sample GRL-kurtosis: Top 15 (LumA+, LumB×, Her2*, Basal�, Normal�)

Sorted Variable Index
0 10000

G
R

L-
4 

va
lu

e

-0.2

0

0.2

Summary statistics

CWC25|54883
-2 0 2 4

0

0.5

1
GRL-4 = 0.20623

mRNA data

ARHGEF9|23229
-2 0 2

0

0.5
GRL-4 = 0.21288

SLC3A1|6519
0 5 10

0

0.5
GRL-4 = 0.21314

PRR4|11272
0 5 10

0

0.5 GRL-4 = 0.21596

SCG3|29106
0 5 10

0

0.5

GRL-4 = 0.21807

ZNHIT2|741
-10 -5 0

0

0.2

0.4 GRL-4 = 0.2198

TDRD12|91646
0 5 10

0

0.5
GRL-4 = 0.22426

FOXA1|3169
-10 -5 0

0

0.5 GRL-4 = 0.22786

SPDEF|25803
-10 -5 0

0

0.2

0.4 GRL-4 = 0.22901

CHRNA9|55584
0 5 10

0

0.5

1
GRL-4 = 0.2291

CLDN6|9074
0 5 10

0

0.5

1
GRL-4 = 0.23253

MYH14|79784
-10 -5 0

0

0.2

0.4 GRL-4 = 0.23405

CHGB|1114
0 5 10 15

0

0.2
GRL-4 = 0.24116

CBLC|23624
-10 -5 0

0

0.5
GRL-4 = 0.25474

GSTT1|2952
-10 -5 0

0

0.5 GRL-4 = 0.30915



PAM50 genes

The paper (Tibshirani, 2002) suggested an algorithm called Prediction Analysis
of Microarray (PAM) for selecting genes which might best separate different
subtypes from each other.

The PAM50 genes are the genes selected by the PAM algorithm.

A better measure of sorting will better find the PAM50 genes out of top n

genes suggested by the measure.



Precision and recall

Figure 9: A pictorial description about precision and recall (Wikipedia)



Precision: How many selected items are relevant?

Recall: How many relevant items are selected?

Figure 10: A pictorial description about precision and recall (Wikipedia)



Precision and recall: examples

Suppose that the PAM50 genes are A, B, C.

If top n genes suggested by a measure is

X1, · · · , Xn1 , A, Xn1+2, · · · , Xn2 , B, Xn2+2, · · · , Xn3 , C,

then we have Figure 11.

Figure 11: Examples of precision-recall curves
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Figure 12: Precision-recall curves of ranks generated by various skewness measures
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Figure 13: Precision-recall curves of ranks generated by various kurtosis measures
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